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- CHAPTER I

INTR ODUCTION

In recent years the analysis of electromagnetic probl ems has
been advanced tremendously by the digital computer and use of two
powerful theories, the method of moments and the geometrical theory
of diffraction . The moment method , MM , is a numerical technique which
converts an integral equation , containing field terms and appropriate
source terms that describe the electromagneti c problem , into a system
of linear algebraic equations. The equations have unknown coefficients
related to an expansion of a current distribution on the structure of
interest. The moment method is characterized as a low frequency
method since its practical use is limited to structures that are not
electrically large. The geometrical theory of diffraction , GTD , is a
ray optical method whose sol ution is based on the asymptotic approxi-
mation to the integral defining the electromagnetic problem . GTD is
characterized as a high frequency method as it is applicabl e to
bodies that are arbi trarily large electrically . Both of these methods

- 
. 

are powerful computational tools which permit application to a wide
range of problems. In this paper these two techniques are combined
into a single technique called the “hybrid technique. ” The hybrid
technique per~~ts one to solve ma ny problems that are not solvabl e by
either technique alone.

• The hybrid technique presented in this paper is a method for
solving electromagnetic problem s in which an antenna or other
discontinuity is located on or near a conducting body, suc h as an tennas
on ships or aircraft, feed antennas near the reflecting surfaces of

• reflector an tennas , and slots or other discontinuities on conducting
surfaces. The technique solves these kinds of probl ems by properly
analyzing the interaction between the antenna or scatterer and the
conducting body. The hybrid technique accomplishes this by casting
the antenna structure in a moment method format then modifying that
format to account for the effects of the conducting body via the

• geometrical theory of diffraction. The technique extends the
moment method to handle many problems that cannot be solved by GTD
or the moment method alone.

The basic hybrid technique used in this paper was first described
in the literature by Thiele and Uewhouse [1]. In that paper the
technique was appl ied to antennas on and near finite planar surfaces.
The moment method solution was modified to account for the finite
pl anar surfaces using wedge diffraction theory. In the present paper

~~
j

~
- ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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a hybrid technique for combining the moment method treatment of wire
antennas wi th the GTD for curved surfaces will be presented. Specif ‘I-

• cally, wire antennas will be analyzed near perfectly conducting circular
cylinders.

• The wire antenna will be cast in a moment method format given by
Richmond [2,3] in his computer program for thin-wi re structures. The
use of piecewise sinuso idal basis functions in this method will be
exploited. The effects of the cylinder will be found using GTD. The
field expressions are obtained using the uniform geometrical theory of
diffraction for an edge given by Kouyoumjian and Pathak [4]. The
application of the GTD to the cylinder is based on techniques presented
by Marhefka [5].

The hybrid technique as presented here is appl icabl e to a much
broader class of probl ems than those that are demonstrated. In general ,
arbitrary radiators located on or near canonical shapes or combinations
thereof can be solved using the hybrid technjque. The arbi trary
radiator would be modeled wi th a thin-wi re grid and set up in the
moment method format. The conducting body is restricted to canonical
shapes for which a GTD solution exists . Electromagnetic parameters
for which the hybrid technique can sol ve include the near and far
f ie lds, current distributions , impedances , and scattering data . Of
course , many geometries present special probl ems for which the
technique will fail and therefore need to be modified . For example,
part of the radiator might lie in the caustic of a needed GTD field.

It is impossible to cover all the possibl e application s of the
• hybrid technique in one paper . The purpose of this paper is to

present the technique and demonstrate some of its facility and its
accuracy. To accomplish this , various antenna radiators are considered
in the presence of circular cylinders. Chapter II provides the
theoretical background of the methods used in the hybrid technique.
The method of moments with the specialization s used is first described .
Then the GTD expressions used in this paper are presented. In

• Chapter III the hybrid technique is described in detail. The very
effective way in which GTD is incorporated into the thin-wire theory
is presented and demonstrated.

Chapter IV is the results section in which the hybrid technique
is applied to find the input impedance of antennas as a function of
their distance from the circular cylinder. For each case, the hybrid
solution is checked wi th one of three independent solutions , an
MM-eigenfunction solution , image theory, or experimental measurement.

S 
Chapter V concludes the paper wi th a summary and discussion.

2
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CHAPTER II

THEORETI CAL BACKGROUND

• 
• ~. In this chapter brief descriptions of the methods which are

combined to form the hybrid technique used in this paper are presented.
• -- Since the devel opment of these methods is not the subject of this paper ,

the descriptions will be short and not necessarily complete. Onl y
the parts of the theories used in this paper will be presented. More

. S complete explanations and developments can be found in t~e references
cited.

The moment method part of the hybrid technique is the speciali-
zation used by Richmond in his thin-wi re computer program [3]. The

- GTD part of the hybrid technique is programmed as presented by
Marhefka [5]. These two references provided the major material for
thei r respective theories in the development of the hybrid technique
of this paper.

A. Moment Fletho d

A clear description of moment method is given by Stutzman and
Thiele [6]. The moment method is a procedure for reducing an integral
equation of the first kind of the form

• 
f I(zI )  K(z ,z’ ) dz ’ = - E1 (z)  ( 1 )

‘over structure

i.. to a system of simultaneous linear algebraic equations in terms of
the unknown current distribution 1(z’). Once the current is known ,

-‘ determination of radiation patterns and impedance is fairly straight-
forward. Electromagnetic radiation probl ems can almost always be
expressed as integral equations in the form of Equation (1). The
inhomogeneous source terms are on the right and the unknown currents
are wi thin the integral sign on the left.

I..

1. Weighted residuals and the moment method

• 1. A general moment method procedure can be accomplished by using
the method of weighted residuals [6]. The unknown current I(z’) is
expanded on the structure of interest using an appropriate expansion

-
• 3

• *
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function, J~(z ’). Equation (1) becomes a sum of the expansion terms
as follows :

N

~ 
I~ 1J~~(z I)K(z ,z I)dz I = - E1(z). (2)

n=l Jover structure

A residual R is define4 to be the sum of the tangential components
of scattered and incident fields

R = Eta~ + Eta~

At points on the surface of the perfectly conducting structure of
interest the res idual mus t be zero. So

N I
R = 

~ 
I~ lJ~

(z 1)K(z.z’)dz’ + E1(z) = 0 (4)
n=l jover structure

j where z is on the structure ’s surface. In the method of weighted
residuals the I ‘s are found so tha t the res i dual is forced to zero
in an average sense. The weighted in tegra ls of the res idual are set

S 
equal to zero as

IWm Rdz = 0, m=l ,2,•”N. (5)

‘over structure

where W,~ is the weighting or test function. The choice of expansion
and weighting functions is very important and has been the subject
of many papers. As a rule of thtanb, it is des i rabl e to choose
expansion functions that closely resemble the antici pated form of the
current on the structure of interest. It is often advantageous to use
the same func tions for the weig h ting funct ions as used for the
expansion functions. This makes the procedure a Galerk in ’s method.

If the struc ture of interest i s an an tenna struc ture modeled
by thin-wi re segments, more speci 1~ic expressions can be described.Substituting Equation (3) into Equation (5) gives

4

_ _ _ _ _ __ _ _ _  _ _  _ _  
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i

~ T f W~ t~ d& + 
J W m . ~~1 dt = 0,

over over
wi re wire

m = 1 ,2,” N. (6)

Denoting the scattered field from the n-th expansion function of the
current by t~, the rnn-th term of the moment method impedance matrix

- . iS

Zmn =f ~~~~~~~~ (7)

over
- 

wire

and the m—th voltage m a t r i x  element is

Wm * t 1 d
~ 

. (8)

over
- wi re

~
1m is the m-th testi ng function located interior to the wi re and on

• - its axis. Rigorously, the test function should be located on the
surface of the wires making Equations (7) and (8) doubl e integrals over

7 the wire surfaces. Placing the test function on the axis is an
extension of the electric fiel d boundary condition for the sake of
mathematical simplifica tion. This approximation makes it necessary to
restrict the method to wires for which the radius is less than about

1 .00Th.

The method of weighted residuals is equivalent to the steps in
the usual development of the moment method where a linea r operator

S and an appropriate inner product are defi ned. In terms of these con-
- - 

cepts, Equati ons (7) and (8) are

Zmn = <W m~
L(J n)>

‘ S  . (9)
V =

~~~

‘ where < ,‘ denotes the inner product and L is the linear operator acti ng
Ofl to give t~.

~~
r. 5

_  • 
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2. Reaction integra l equation

A general approach to the formulation of boundary value probl ems
was presented by Rumsey [7] when he introduced a physica l observabl e
called reaction. His formulation resul ted in the reaction integral
equation in electromagnetic theory. Reaction is a measure of coupling
between two sources. If the weighti ng function is taken to be a test
source, then the impedance matrix elements given by Equation (7) may be
taken as a calculation of the coupling between the m-th test source
and the field from the n-th expansion function or actual source.
Similarly, the m-th voltage matrix element in Equation (8) is inter-
preted as the coupling between the m-th test source and the i nci dent
E-.field. In both cases the m—th test source current is reacted with
the E—field from anotner source.

S 

For the very general geometry of F igure 1, a more general

Figure 1. Test source (Tm,M~n) inside 
conducting

body surface S.

reaction integral equation is formed from which Equations (7) and (8)
are found. Let (

~m 
Ft ) be the surface curren t densi ties of a test

source and let (rm,~~ be the fields from that source. 
Equivalent

surface-current densities are introduced

~ = n x F t
S (10)

on the body S. (T5,Ft5 ) radiate the fields (~~,H~) in free space and
replace the conducting body. The reaction integral and generalization
of Equation (6) becomes

6

S
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r __________________________________________

JJ~~m~~ 
- 

~m
d5 + 

JJ~~Tm t1 
- ~~~~~~d5 = 0,

a. 5 5

m = l ,2,”~N . (11)
a.

• where the Integrals are over the test source’s surface. The physical

• interpretation is that there is zero reaction or coupling between the
test source and the sum of the incident and scattered fields. This
is clearly equivalent to the weighted residual interpretation of
Equation (5). If the fiel ds from the n~~h expansion function of the
actual ~gurce current are given by (~~,W), the sum of 

the N fields
being (r,115), then for the general mn-tI~ element in the impedance
matrix

Zmn = JJ ~~~~ - !
~m
ll
~

)ds . (12)

S .  S

Similarly, the m—th voltage element is

Vm 
= - JJ ~~~~ 

- Ftm~~~d5* (13)

For the antenna situations of interest in this paper, (r1,iT~) originate
from impressed currents located on s.

- t 3. Piecewise sinusoidal Galerkin method

The pi ecewise sinusoidal function as shown in Figure 2 is one of

• I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Z
zn_ I Z n Z n+I

Figure 2. Typical two segment dipole with
piecewise sinusoidal distribution .

7
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the most useful basis functions for wi res in free space. It may be
expressed mathematically for each z-directed segment by

‘1 sinhy (z2—z) + I2sinhy (z-z1)
— 1 (z) = sinhyd (14)

where Ii and 12 are the endpoint currents, y is the complex propagation
constant of the medium , and d=z2—z1 is the source length. A piece-
wise sinusoidal approximation to a current distribution is given in
Figure 3. Note that each piecewi se sinusoida l function spans two

~~~~~~~~~~~1~ 
P3 P4

Figure 3. Current distribution modeled by overlapping
piecewise sinusoidal modes.

connected segments and that each interior segment contains two pi ece-
wise sinusoidal functions .

Experience has shown that the use of piecewise sinusoida l testing
functions wi th piecewise sinusoidal expansion functions leads to a
procedure that is numerically efficient and highly accurate.

Consider the situation wherei n an arbi trary number of segments are
coincident wi th the z-axis. For example , a dipol e antenna with N seg-
ments using Equations (12) and (14) and the thin—wire assumption, the
mn-th impedance matrix element is

8
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• 1  
-5.

a.

z
~m

- .  Sifly(Z—Z —l~Zmn = 

Zm l  
siny1zm...

’
~
_zj z~~ dz

~~
.

ç m+l siny(z ~1—z ) ..

+ 

~m 
S~1f l y I Z:

_ Z m+l l 
z.t~ dz . (15)

is needed to carry out Equation (15). Thi s fiel d may be found in
a straightforward manner and the derivation is included in many
electromagnetic texts incl uding [6]. The geometry is shown ‘in
Figure 4. For the piecewise sinusoidal excitation current of
Equation (14), t~ is

• 
: 

E
Zt

. 5  
I p
I .~..-,*Le2 ~~~~~~~~ 

( p , z )

Z 2~~~~~~~~~~~~~~~ /

- ‘ H . A
d 

~ /1’ 
I

1 2 1

Figure 4. z-di rected monopole segment source with
the observation point (p,z).

9
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r( -yR 1 -yR2\E~= 4irpslnhyd 
[~I1e — 12e ) sinhyd

+ (I 1coshyd-12)e cos~1

-yR 1
+ (I 2coshy d-.I1)e 2cose

2J 
(16)

-y R2
E
~ 

= 4i~sinhyd [
~Ii

_ I
2cosh d)

-yR11
+ ( 12—I 1coshyd) e

R ] (17)

where i~ is the impedance of the medium. The evaluation of Equation
(15) may be carried out without di fficulty by numerical integration
or by Si and Ci integrals for some special geometries.

• The piecewise sinusoidal Gal erkin method treated here is the
procedure used for the thin—wire antennas of this paper. The importance
of thi s particular specialization of the moment method for the hybrid
technique will be discussed in Chapter III.

B. Geometrical Theory of Diffraction

The geometrical theory of diffraction (GTD) is characterized as a
• high frequency technique that allows a complicated structure to be

approximated by basic shapes. These basic shapes represent canonical
probl ems in GTD. Mathematically, GTD is an asymptotic approximation
to an integral which defines the electromagnetic problem. The GTD
is a ray optical technique which allows physical insight into the

• various scattering and diffraction mechanisms involved. Consequently,
the dominant or significant scattering or diffraction mechanism for a

-
, given geometry can be identified leading to an accurate engineering

• solution.

Again , only the solutions needed for the probl ems solved in
this paper are presented. More cases and deri vations including
more complete explanations are found in the literature cited.

10
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In the format of GTD, the total electric field may be represented
as

‘4’ - ‘r = t~u’1 
+ r’~

r 
+ . (18)

The fiel d is the incident field in free space. ~r is t~ field
reflected from the surface of the structure of interest. ~ is the
di ffracted field from discontinyi ties of the structure, suc h as edges,
corners , or curved surfaces. u1 an d ur are unit step functions to cut• off their corresponding fiel d at the incident and reflection shadow
boundaries. The extent of these fields is determined by geometrical
optics (GO). The surfaces in this paper ~rç all perfectly conducting
and the medium is free space. Al so the eJ~~ time dependence is assumedand not explicitly shown.

1. Geometrical optics field

• ~ The incident electric fiel d !‘ is considered to be a spherical
wave for the equations given In this paper. Other cases have been
treated in the literature but the importance of using the spherical
wave expressions in the hybrid technique will be discussed in the next
chapter .

• The reflected electric fiel d from a curved surface 5, as shown in
- Figure 5, Is given in geometrical optics terms by

c(s) = r (Q~~~R H ~~ k5 (19)

* r(QR) is the incident field at the reflection point (QR) on the
surface and ~ is the dyadic reflection coefficient such that

i ~=~~~~-~~ a1 . (20 )

- 1
Unit vectors~~ an d e~ are parallel to the plane of incidence and the
unit vector ej is perpendicular to the plane of incidence. The point
of reflection QR is found from the laws of reflection which state
that the angle of incidence is equa l to the angl e of reflection. That

: 
1 

is 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(21 )

• and that the incident , reflected, and surface normal vectors all lie

1 in the same plane

H
1 

II
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REFLECTION 
~~R

Figure 5. Reflection by a smooth
convex surface.

I x n = S x n  . (22)

- • 
Finding QR will be considered in more detail in the last section of
this chapter.

The quant i t ies  p
~ and p~ are the principal radii of curvature of

the reflected wavefront at the reflection point QR. Kouyoumjian and
Pathak [4] show how to find these val ues for an arbitrary wavefront by
diagonalizing the curvature matrix for the reflected wavefront given
by Deschamps [8]. The wavefront is incident on the curved s~rface ~• shown in Figure 5 at the refl ection point QR. Unit vectors el and e~are in the principal direction of S at QR with surface radii 0f
curvature R 1 and R2. For the case where the incident field is
spherical , the principal radii of curvature of the reflected wavefront
are given by Kouyoumjian and Pathak as

r.2 .2~~~
~ _~~~~ 1 1s in O2 Sifl O~~)

~ cosO 1 

2 

L R1 

2 

R2 J

1 r in  02 sin 01 4

~ cos2e’i L 
R1 

+ R2 _j 
- 1
~l

1
~ 

(23)
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5’ is the radius of curvature of the incident wavefrQnt at QR~ 01 is
the angle between the direction of the inci dent ray I and unit vector

• e1, and 02 is the angle between the direction of the incident ray I
• and the unit vector e~.

- - 2. Diffraction by a curved wedge

The curved wedge probl em is illustrated in Figures 6 and 7. This• report will consider finite cylinders where the ends of the cylinders
- - are formed by a flat surface with a resulting curved wedge. The

diffracted field due to the curved wedge is analyzed using GTD
techniques developed by Kouyoumjian and Pathak [4].

The diffracted field from the curved wedge is written in the
a. form

td (s) ~ ti ( Q )  . D~(S ,I) 
~4~ P+~ 

e
_jk5 (24 )

The p is the distance between the caustic at the edge and the second
- caustic of the diffracted ray. It is given by

1 1 n (I- A
S)e 

2 (25)
‘~e 

ae sin
~~o

where ~~ ~~~~
, ae will be defined shortly. The diffraction coefficients

• .. for the curved wedge are extended from those for wedge diffraction to
a l low the diffracted f i e ld  to be continuous at the incident and
reflected shadow boundaries. To accomplish this the appropriate

- distance parameters L in each of the transition functions make the
• 

- fields continuous . The di ffraction coeffic ient for the curved wedge
- t is given by

- .  
—j TT/4 1 si n (~.)F[kL

1a(8 )]
Ds,h~~~~~ o) = 

2n*’ ~sin80 Lco s
~~~~~

_cos
~~~~~

± 
~cot (~

) F[ kLrna+(3+)]

• + cot (8
+

) 
F[kLroa(~÷fl~~ (26)

where a(S) = 2 cos2 B/2 and a~(s) = 2 cos2 (2nn-S )
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5’ is the radius of curvature of the incident wavefrQnt at QR, 01 is
the angle between the direction of the inci dent ray I and unit vector-- el, and ~2 

is the angle between the direction of the incident ray I
and the unit vector e~.

- - . 2. Diffraction by a curved wedge

The curved wedge probl em is illustrated in Figures 6 and 7. This• - report will consider finite cylinders where the ends of the cylinders
— are formed by a flat surface wi th a resulting curved wedge. The

• diffracted fiel d due to the curved wedge is analyzed using GTD
- techniques developed by Kouyoumjian and Pathak [4].

The diffracted field from the curved wedge is written in the
form

• • 

~~(s) “ t~( Q )  . 5E~~’
1
~ ~j s(p +s) ~

_
~k5 (24)

- - The p is the distance between the caustic at the edge and the second
- - caustic of the diffracted ray. It is given by

- S 
. 

~~~
~e 

ae sin So

where p~, ~e’ 
ae will be defined shortly. The diffraction coefficients

- for the curved wedge are extended from those for wedge diffraction to
allow the diffracted field to be continuous at the incident and
reflec ted shadow boundar ies. To accomplish this the appropriate
distance parameters L in each of the transition functions make the

- - fields continuous. The diffraction coefficient for the curved wedge
is given by

• -j ’Tt 14 [
~ sin(!.)F[kL1a(8 ))

Ds h (~,+
’,So) = 

n~’~~ sinB 0 Lcos~~
_cos

~~~

± 
~~ot ~~~ 

F[k L rn a~
-(S+)]

+ cot ( 8 ’
) F[kL roa(8 4

n
~1~ 

(26)

where a(S) = 2 cos2 S/2 and a~(B) = 2 cos2 (2w~~5)
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- s Figure 6. Geometry for the three-dimensional
curved wedge diffracti on prob lem.
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• The O~ coefficient applies for the E—field vector parallel to the

edge (i.e., acoustically soft rlEdae = 0) while Dh applies to theT field component perpendi cular to the edge (i.e., acoustically hard

= 0). The angular rela tionsh ips are expresse d by S 8
~ =44~

’ .
Edge

The transition function F(x) is

2
F(x) = 2j I’,~

.
I ejX J 

e_jz dz . (27)

• 
-- - v~I
- . The distance parameter associated with the incident fiel d is given by

I i i . 2S(p +s)p,p 2sin ~• L1 = e 0 (28)

The distance parameter associated wi th the reflected field from the
surface with superscript o (reflection boundary at 7r-~~ ’)  and the
reflected fiel d from the surface wi th superscript n ( reflection

- .  boundary (2n—l)’ir -~’) is given by

- - s( r+s) r r sin2S
Lr = e 1 2  (29)

p~ (p~ +s) (p~ +s )

- .. The parameter p~ is the radius of curvature of the incident wavefront
“-.. at the diffraction point QE taken~in the plane containing the

incident ray and the unit vector e which is tangent to the edge at QE~
• - For the case of spherical waves p~=s ’. p~ and p

~ are the principal
radii of curvature of the incident wavefront at QE. Similarly, ~ç and S

• . 4 are the principal radii of crrvature of the reflected wavefront at

- QE’ which are found using Equation (23) for spherical wavefront inci-
dence also, the parameter p

~ 
is the radius of curvature of the

• reflected wavefront at QE taken in the plane containing the reflected
ray and e. It is found using

4 
i 

= - 

2(~
i.

~
ie) (I .i ;)  

(30)

~e ~e ae sin So
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where n is the unit vector normal to the surface at QE, 
~e 

is the
associated uni t normal to the edge directed away from the center of
curvature , and ae>O is the radius of curvature of the edge at QE.

3. Specular point calculation

The previous sections presented the GO and GTD E-field expressions
assuming that the specular point QR and QE were already known on the
surface. For special geometries they are often known intuitively.
Marhefka [5] has presented severa l methods for finding these points
for more general geometries. Greer and Burnside [9] have also investi-
gated various methods of finding edge diffraction points. The
reflection point QR on the surface of a circular cylinder is desired
when a nearby source and fiel d point are known. A method presented by
Marhefka was modified to accomplish this. Figure 8 shows the geometry
for the determination of the reflection point on an elliptic cylinder .

( X c ,Yc ,Zc )
-• OBSERVATION POINT

— x d ( x 5 1y 3 1 z~
)

A SOURCE
o LOCATION

F
/ Vr / \ Q R

H / 7 \y
V~

Po

I I~~~~~~~~~~~ y
b

Figure 8. Geometry for determination of reflection
S point on ellipti c cylinder .
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To find the reflection point in the lit zone, the laws of
reflection as given by Equations (21 ) and (22) are the starting point.

S 
These equations are written such that

-~~• T  J~~ = 
n X T  (31)

~i - f f  ITI

or

(~~x T )  (~ •~ ) + ( ~~T) (~~x~~) = O . (32)

Note tha t the no rma l i za tion factors may be removed. The incident and
-- observa tion vectors are written as follows

T(v,z) = I
~

(v )
~ 

+ Iy(v)cs + Iz(z)i

I.. = (a cos v —x5)~ + (b s in  v —y5)i + (z_z
~
)
~ 

(33)

and

~(v ,z) = d
~

(v )
~ 

+ d~(v ) +

I. = (xc_a cos v)~ + (ye
_b sin v)~ + (Zc

_z)
~ 

(34) - •

The normal to the curved surface is given in general by -

•F te X Z 0 5 V X
~~~~

5 t h V Y

or

= n,~(v)x + fly(V)Y (35)

- Performing the necessary dot and cross products, Equation (32)
becomes two equations

f(v,z) = (n x lx+nyly ) (n xdy
_n
ydx)+(nxdx+nydy)

S xIy
_fl
yIx~~

0 (36)

and
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g(v,z) = (1)xIx~~y
Iy)~z 

+ 
~ xdx+~

)ydy)1z~ 
(37)

Then the values of Equations (33), (34), and (35) are substituted into
Equation (36) with the fact ct=eJ” . The equation is multiplied out
and like terms in ~ are collected so that a sixth order polynomial is
obtained given by

C6~
6 

+ C5a5 
+ C4~

4 
+ C3a3 

+ C2a2 
+ C1~~ + C0 

= 0 (38 )

where

C6 = (a2—b2) [a( yc+~’s) + jb(xc+xs
)]

C5 = - 2(a 2+b2) (x 5y~+y5x~) - j 4ab[(a2-b2 ) + (x 5x~
_y
5y~

)]

C4 = a(5b2-a2) 
~~~~~ 

+ jb(5a2_b2) (x
~
+x5) -

C3 = 4(a 2_b2) (x
5y~

.I-y5x~)

C2 = C4~ (complex conjugate of C4 )

C1 = C 5*

C = C *o 6~~~

The six roots of the polynomial correspond to V in that

v = tan~ . (39)

The value which is the true reflection point is found by determining
the v that minimi zes the distance given by ITI + lal , which is
necessary to satisfy Fermat’s principle. lJsing this v parameter
representing the reflection point in the x-y plane , the z-coordinate
can be found from Equation (37) to be

— 

(n
~
d
~ 

+ n~d~)z 5 - (n
~
I
~ 

+ n~I~) Zc (40)r 
- (n

~
d
~ 

+ flydyJ - + flyly)

s

_
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a. The above method for finding the reflection point can be
considered exact. It is , however, slow for some applications and

- .  other methods are presented in the references mentioned above.

S 

- 

In con cl us ion , the moment method and the GTD material presented
in thi s chapter are by no means complete. The material does, however ,
provide the background and the equations necessary for the hybrid

- technique developed in the next chapter. The expressions given here
are the ones used in the computer programs to obtain the results of

- _
i Chapter IV.

-
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CHAPTER II!

THE HYBRID TECHNIOUE

In this chapter the hybrid technique is described in detail.
The various probl ems arising when GTD is combined with the moment
method are presented and solved. Resul ts are included which demon-
strate the effectiveness of these solutions.

A. Description

The hybrid technique is used here to solve electromagnetic
problems in which antennas or other discontinuities are located on
or near a large conducting structure. The basic technique was first
presented in the literature by Thiele and Newhouse [1]. This method
consists of casting the antenna structure in a momen t method format
and then modifying the generalized impedance matrix to account for
the effects of the conducting body via GTD.

Fol l owing the notation used by Thiele and Newhouse, the moment
method is appl i ed to the antenna structure al one by expanding the
surface current J in a series of basis functions 

~~~~ ~~ ~~~~~~ such
that

n~l 
‘n an (4 1 )

A linear operator L is defined to relate the expansion currents to
their el ectric fiel ds. A set of weighti ng functions W1, W2, W3••’
is selected and an inner product is defined so that ,

N

~ ‘n 
<Wm~~~n)> 

= <Wm~
E’>

~ 
(42)

n=l

where E’ is the field incident on the antenna . This is the m-th row
of the system of N equations described in Section A of Chapter II

S under the moment method . Equation (42) is represented as
S 

[Z] ( I )  = (v) .  (43)
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I 1. The elements of this impedance matrix are those of the free space
impedance matrix since only the antenna structure has been considered
so far. These el ements are gi ven by

Zmn = Wfl~ L(J~ )> . (44)

- S 

The inner product forms a unitary space in which

<3, aE 1 + bE2
> = a<J , E1

> + b<J , E2
> , (45)

S 

where a and b are complex scalars. If aEl in Equation (45) represents
L(J~) in Equation (44) (that is , the field due to 3n) and if b E2 in
Equation (45) represents an additional fiel d contribution to Zmn (that
is also due to J~ but not due to the fiel d arriving directly), then

Z ’  <Wm~ 
aE 1 + bE2>

= <Wm~ 
L(J~) + bL(J~)> , a=l , b=b(m,n) (46)

or

Z~ = <W , L(J~)> + <Wm~ 
bL(J~)>

= Zmn + (47)

The superscript g indicates that ~~ is added to each impedance ma tr ix
term to account for contri butions at the m-th observation point due to[ the 3,, fields scattered from the conducting body. Thus Equation (43)

S becomes

[z’] [I ’] = (V ) (48)

where [Z’] is the generalized impedance matrix properly modified to
account for the presence of the scattering body as well as for the
antenna it sel f. ~~ elements are found wi th the aid of GTD. The
solution of Equation (48) is

(I’) = [z ’]~~ (V ) (49)

where (I ’ ) is the curr ent on the an tenna structure loca ted on or near
the conducting body. Thus the hybrid technique used in this paper is

4 a modification or extension of the moment method. Thi s differs from
other approaches that consider extension of GTD via the method of
moments [10].
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The starting point for the hybrid technique used in this paper
is Richmond’ s thin-wire program [2,3]. Some reasons for this choice
are obvious. It is a very genera l and powerful technique for
modeling and solving a great variety of antenna and scattering probl ems
with relativel y simple inputs to the computer code, it is widely known
and used, and its accuracy has been repeatedly demonstrated. The
practical limitati on on its capabilities is the size of the impedance
matrix required by the geometry of the particular problem. The
computer must invert and solve this matrix . Long and expensive corn—
puter runs become a problem if the structure is electrically large.

Another less obvious reason for choosing Richmond ’s thin-wi re
approach is that it uses piecewise sinusoidal expansion and weighting
basis functions. The advantages of these functions other than rapid
convergence and the corresponding mode economy, are made cl ear in the
section of this chapter on integrating GTD with the moment method.

To facilitate a more detailed explanation of the hybrid
technique , its application to a specific geometry is presented. The
case chosen is a half-wave dipole , axially oriented , near a perfectly
conducting circular cylinder. The geometry is depicted in Figure 9.
The current distribution on the dipole near the cylinder is determined
and from this the input impedance is calculated. The choice of this
particular geometry and determination of the input impedance does not
imply restrictions on the hybrid technique described . Thi s method can
be applied to an arbi trarily shaped radiator neu ” any scattering
structure for which a GTD solution exists. It may be used to find near
and far fields and scatteri ng data as well as current distributions
and input impedance.

The dipol e in Figure 9 is divided into segments not l onger than
a quarter wavelength in extent. These segments are grouped two at a
time to form modes. A moment method formulation of the dipole in
free space is first carried out by assumi ng a piecewise sinusoidal
current distribution on a particular two-segment mode. This test
mode current generates an E— field which is reacted with all of the
two-segment modes on the dipole. Each of these reactions gives an
impedance matrix term

Zik 
= - f r~(L) - ‘k~~ ~~ 

(50)
Rec Mode k

t~(L) is the E-field from test mode j at the receiving mode k. 1k(~)is the expansion current distribution also assumed to be piecewise
sinusoidal making this a Galerkin method. A row of the impedance

S matrix is created by carrying out this integrat4on for each expansion
mode on the dipole. The other rows are found by moving the test
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current source to each mode in turn. The resulting free space
impedance matrix is a function of the dipole geometry alone. Knowing

• the dipol e source vol tage and this impedance matrix allows for the -•

calculation of the dipol e current distribution by solving the set of
simu l taneous linear equati ons. Once the current is known , other
electromagnetic quantities follow directly. This is the technique
used in Richmond ’s thin-wi re program [3] which is described in
ChaPter II .

To calculate the effect of the circular cyl i nder , the hybrid
technique is appl ied to find a delta impedance matrix. When this
del ta impedance matrix ([AZ]) is added to the dipole free space
impedance matrix ([Z]) the resul ting modified impedance matrix ([Z’])
correctly considers the presence of the cylinder . Thus

[Z]+[~Z] = [Z’J (51 )

where [7’] is a function of the dipole and cylinder geometry alone and
is not source dependent. Since the input impedance of the dipole is
the quantity to be found , the dipole is assumed to be a radiating
antenna with a known vol tage exci tation V at the center port. This
source is modeled wi th a delta gap voltage . Ithen the current distri-
bution is determined, the input impedance then follows directly from

Z1~ 
= V/Ig (52)

where ‘g is the current at the generator port.

The [AZ] matrix is calculated by the same method as [z] except
that the E-field which is reacted with the expansion modes is the field
that is scattered from the cylinder instead of the direct field from
the test dipol e mode. This scattered field is the one resulting from
the cylinder being illuminated by the fiel d from the test dipol e
source. To find this scattered field the methods of GTD are applied .

S 

To find a particular [AZ] term, the scattered field must be
reacted wi th the expansion current on the receiving mode dipole. This
again is an integration given by

- r~(~) ‘k~~ ~~ 
(53)

• 
Rec ’Mode k

where 1k(~
) is the piecewise sinusoidal distribution on the receiving

mode dipole k and t~ is the field scattered from the cylinder whenilluminated by the test source I~(t) which also has an assumed piece—

-: 
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wi se sinusoida l distribution. Thi s integration is carried out
numerically using the Newton-Cotes equation after t5(&) has been
determined. In the computer program , these mode-to-mode ~Zjk ’s are
found by combining the appropriate segment-to-segment mutual impedance
terms. Again , this procedure is modeled after Richmond’ s thin—wire
program. Each mode impedance term results from the superposition of
four segment impedances making it possible to have two segment “Vee”
dipole modes or dipole modes which are not linear. Vee dipol e modes
would be necessary in a more complex antenna structure than the dipole
now under consideration. Thus , what must be found wi th the aid of GTD
is the field scattered from the cyl inder at points along the receiving
segment resulting from the test current on the source segment.

• To find ~S (i~) using a GTD format would require breaking t~(t)into three basic components ~s sketched in Figure 10. tS(2) contains
a reflected component originating from the source segment and reflect-

• ing directly to the receiving or observation segment. ts(2~) also
contains edge-diffracted components originating from tha source
segment and diffracting off the cylinder ends. Finally ~~~(L)
contains a creeping wave contribution coming from the source segment,
attaching to the cylinder , then propagating around the cylinder as a

:1 surface wave and finally sheddi ng to the observation segment. Other
components (such as from the source to an edge diffraction , to sur face
wave to another edge diffraction , to the observation segment) are
possibl e but these contributions would be minute and are justifiably
neglected.

For the particular geometry under consideration , two assumptions
are made. The cylinder is assumed to be electrically l ong so that

• diffraction from the ends is negligible , and the circular cylinder is
assumed to have a large electrical diameter so that the creeping wave
contribution is minute and may be ignored. These assumptions are made
to simplify the probl em used to describe and explain the hybrid
technique and are not restrictions on solvable geometries. For the
case in study, the dominant contribution to the scattered fiel d t5(L)

- • is the reflected fiel d tr(2). The probl em has been reduced to one of
finding the reflected field tr(~5) at observation points on the S

receiving segment given an inci dent fiel d from the source segment. To
find this reflected field , GTD, (or in this case GO), is appl ied.

Referring to Section B of Chapter II , the GO f i e ld  at an obser-
vation point (as shown in Figure 5) is

c(s) = E(Q R) 
. P e .lkS (54)

(~ç+s)(p~+s)
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where r’(QR) is the field incident at the reflection QR generated by
• the test current on the source segment where ~ is the dyadic reflectioncoef f i c i en t

~~- e u e
~~- e 1 e1 - 

~ 

(55)

~l are defined in Equation (23). The field r’(QR) is known exactly
fo~ a monopol e segment wi th a piecewi se sinusoida l current distributi on.
This field will be considered in detail in the next section. The
reflection point QR is found by applying the technique described in
Section B of Chapter II. In applying Equation (54) two important
points warrant special attention . First , to find QR on the cylinder ,
a source and observation point must be specified . The observation
point presents no probl em . In finding the segment-to-segment impedance
terms a numerical integration is performed over the observation S

segment. The observation segment is divided into a specified number
of integration sampling points which al so serve as observation points.

S 
SpecificatiQn of the source point , however, poses a problem . The
source of 

~
‘(QR) is actually distributed over the source segment, so

an assumpti on must be made that the source appears to radiate from one
• specific point located on the source segment. This assumption allows

the location of QR to be determined. The next section discusses the
actual choice of the source point location and the ramifications of

S this choice.

The second important  point  for consideration involves the ray
optical nature of GTD or GO. The field 

~
‘(
~R) 

is known at the 
-

reflection point QR, but in finding tr (Q-) only the coniponents of ~‘(QR)which are perpendicular (i) to the incident ray path I
are used as seen in Equation (54). GTD does not provide a method of

t including components of the field along the ray path. The a~sumptionthat must be made , then , is that the ray path component of £‘(QR) is
S negligible. That this assumption is fairly accurate until the dipole

gets very close to the cyl i nder is demonstrated by the results
presented in the next section.

Once ~
‘5 (L) is known , it is dotted with i(~)~T on the observation• or receiving segment. The segment-to-segment impedance terms are S

found by carrying out the integration indicated in Equation (53)
numerically. These terms are combined to get the i~Z mode-to-modeimpedance terms, thus forming the [a~Z] matrix. This matrix , repre-
senting the cylinder effects, is added to [2] to form [z’] the modified
impedance matrix which is solved in the norma l moment method manner.
The matrix is inverted and multiplied by the voltage source column
giving the desired current distribution . The input impedance of the
dipole is found using the method described by Equation (52).
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ri’

B. Combining GTD With Thin-Wi re Theory

The hybrid technique as described in the previous section is
appl i ed to the probl em shown in Figure 9 and the solution of the
probl em is discussed here. The input impedance of the half-wave dipole ,
axially oriented at a distance D from a perfectly conducting circular
cylinder of radius A , is calculated . The real and imaginary parts of
the impedance are determined as a function of dipole distance D from
the cylinder and are stored for plotting . The accuracy of this
method is checked by comparing the plot obtained by this procedure
with that obtained by an independen t method.

The independent method is a solution by Ersoy and Wang [11].
The method consists of finding the solution of an axial dipole near an
infinitely long, perfectly conducting circular cylinder . This is
accomplished by a technique very similar to the hybrid techni que
described in this paper. A delta impedance matrix representing the
cylinder effects is found via a moment method procedure. The method

-
~~ incorporates the cylindrical Green ’s function in the kernel of the

integral equation . These eigenfuncti ons account for the cylinder .
To avoid the confusion of distinguishing between two hybrid type tech-
niques , this method wil l  be called the “MM—eigenfunction ” technique.

• The MM-eigenfunction solution is obta i ned in the form of a
suniiiation , and accurate results are obtained when sufficien t terms are
included . The MM-eigenfunction solution is taken to be the correct
(exact) one. Figures il a and b show the plots for the case A=A/2 and
D is varied from near zero to one wavelength. The agreement between
the hybrid solution and the MM—eigenfunct ion solution is good until the
dipole is less than 0.2A from the cylinder. The input impedance of
the half-wave dipole of diameter O.0002A in free space wi th one piece—
wi se sinusoidal mode is 73.22 + j 43.4lu. The vertical scales of the
plots are in ohms. The input impedance of the dipole is seen to be a

S 

damped sinusoid oscillating about the free space value as the dipole
• moves away from the cyl i nder. This is intuitive ly logical since the

energy reflected from the cylinder to the dipole should alternately
enhance and subtract from that of the free space dipole , thus modifying
the dipole current distribution and giving the resul ting input

a impedance plots.

Several other details of this problem should be discussed . The
MM-eigenfunction solution used assumed an infinitely thin dipole whose
current distribution was exactly cos kz in free space. Comparing
this solution with the hybrid solution required tha t the hybrid dipole

S also have exactly the cos kz distribution . To accomplish this only
one mode was used to model the A/2 dipole. The piecewi se sinusoidal
current on this mode gave the desi red cos kz distribution . This
restriction of one mode to model the dipole was recognized as a
detraction from the accuracy of the hybrid sol ution and provided
the motivation for finding another independent check as described
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shortly. Also , for these results, both the MM-eigenfunction and
hybrid solutions assumed an infinitely long cylinder. The hybrid

I technique accomplished this by simply not including any edge dif-
fraction.

Another important detail , as pointed out in the previous section ,
was the selection of a single source point on the source segment.
Its location w~s needed to find the field scattered from the cylinder
in the segment-to-segment impedance term calculations. A logical

I choice, and the one used here to find the curves of Figures lla and b ,
was the center of the source segment.

I Three reasons were postulated for the breakdown of the hybrid
4 solution when the dipol e was closer than O.2A to the cylinder. The

f i rs t, already mentioned , was that more modes might be required for
better accuracy. That is , segments shorter than O 25A could be used to

I 
model the dipole. The second reason was that the approximation that
the source ~ anates from the center of the segment became less accurate
as the dipole approache4 the cylinder. The third reason was that the

S ray path component of ~‘(QR) 
which GO ignores increased as the dipole

I approached the cylinder . All three of these situations would be
improved if the dipol e was divided into shorter segments. By doing this,
the ability to compare the results of the hybrid solution with those of
the MM-eigenfunction sol ution is lost since the MM-eigenfunction
solution requires only one mode.

Another independent method of calculation was formulated using
ground pl ane image theory. Richmond 1 s thin-wires over an infinite
ground plane computer code [12] was the method used. Consider a

• horizontal half wave dipole at a distance D above a perfectly
conducting infinite ground plane. Thi s geometry is similar to that S

of the dipole near the i nfinitely long cylinder of radius A as A gets
-
~ very large. So the hybrid technique may be compared wi th ground plane

image theory if a l arge enough radius is chosen. In fact, since the
differences to be compared are small , it is advantageous to eliminate• the approximation of large enough A as fol lows: The radius of the

I 
cylinder appears in the calculation of the reflection point QR and in

• the reflected field 
~
“(QR) of the GO expression , Equation (54). The

reflection point calculation does not need modification for this
particular geometry since it will be independent ~f the radius A. In
the spread factor part of Equation (54), ~ and 

~2 
are the principal

radii of curvature of the reflected wavefront at the reflection point
QR. They are given by Equation (23) for a spherica l wavefront incident

S 
and repeated here as
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1 1 rsin o2 sin 611____ - + 
cos o~ L R1 

+ R2 J
• 2 2sin 02 sin 01 I

\ ! cos2e1 
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R 1 
+ R2 J - R1R2 

(56)

For a cylinder , R2 = and Equation (56) reduces to 
IS

P1:; 
= + 

COSO 

(sin
2o
2)+(

1 )(s1n
20
2) . (57)

The cyl i nder radius is R1 A. As the cylinder radius approaches
infinity , R1--’°, it becomes an infinite ground plane and Equation (57)
becomes

1
r~~~ T (58)

Using this in the hybrid program is equivalent to A=°°. Figure 12
shows the geometry of this problem.

The ground plane image theory solution places no restriction on
k the number of modes; modes were increased to three and input impedance

plots were again determined. As illustrated in Figure 12 the segment
length is d and the source point location on the segment is indicated
by x0. For the particular case that was run x0=O.5d. Since the focus
was on input impedance when the dipole was close to the cylinder , D

• varied from near zero to only A/2. The real and imaginary components
of the input impedance were calculated by the two methods and the
resulting curves plotted as Figures 13a and b. The ground plane image
theory was considered correct and is indicated by the solid curve
while the hybrid solution is indicated by the dotted curve.

S These curves demonstrated that the postulated improvement in
hybrid theory accuracy for an increased number of modes did not

4 materialize. This was explained partly by the fact that al though the
segments were smaller and therefore the errors introduced due to the
prev iousl y di scussed approx ima tions were smaller , they added up to
about the same error when combined to include the entire dipole. To
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investi gate the effects of the GTD approximation s , the reflected field
along the dipole was studied . Specifically the component tangent to
the dipole , the one employed when integrating to determine the mutual
impedance terms , was calculated over the length of the dipole L. It
was hoped that a study of this aspect of the probl em would lead to a
clear understanding of how GTD combines w ith the thin wire theory.

Figure 12 also app lies to the probl em of finding the E-field .
Figures l4a and b show the magnitude and phase of the E—field tangent
to the dipol e as a function of fiel d point location along the dipole.
The dipole was located at 0=0.5? from the cylinder . The center of the
source segments was the location of the specified source point x0=0.5d.The source of the fiel d was the lowest dipole mode on the halfwave
dipole with segment length d=0.125A . Again , the hybrid solution was
plotted with dashed lines while the correct image theory solution was
represented by the solid curve. As was expected from the plots on
Figures l3a and b, for D=.5A the two solutions agree fairly well .
Figures l5a and b show the E-fiel d for exactly the same case except
that the dipole was only 0=0.125? from the cylinder; agreement between
the two solutirns was expected to be worse for this case. From these 

Stwo sets of figures it was seen that the most severe probl em was in
the E-fleld phase. Actually, It was surprising that the input
impedances found by the hybrid technique were as good as shown con-
sidering the E-field errors.

To check the effect of the varying segment sizes used to model
the halfwave dipole , variations of the preceding probl em were solved
for smaller d values. Figures l6a and b show the magnitude and phase
of the tangential E-fiel d when d was A/40, or 5 times smaller than the
previous situation. Again , 0=0.125?, x0=O.5d, A=ao and the image
soluti on was compared with the hybrid solution. The accuracy was not
greatly affected .

In order to apply GTD to these probl ems , it was assumed that the
field at the observation point due to a source monopole segment came
from a single point taken to be the midpoint of the segment. The fi eld
was actually generated from current distributed over the source segment.
Since the current on the monopole segment was not symmetric about the
selected center point , it seemed reasonable that a more accurate
source point could be chosen. Several alternative source points were
tried, a logical choice was the point of equal moments. Figure 17
shows a piecewise sinusoidal distribution sin Bx on a monopol e segment
of lengt h 1. Equating first moments gave the following equation

S 

dx = (x_x
m )sin ~x dx. (59)
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- - Carrying out the integration gave the fol lowing result
- xm = .65966 d (60 )

• • when d=O.125A . From this new source point location the tangential
E-field was calculated as previously described. Figures 18a and b

• show the resulting curves 5 All other parameters were the same as
those for the sol utions presented in Figures l5a and b. Comparing
these curves shows that the choice of source point location has a

- - significant effect on the E—fie ld and has a correspondingly sig—
S nificant effect on the input impedance. Figures l9a and b demons trate
- - the extent of the effect of the source point location. The drama tic

change in the curves from such a slight shift in source point location
-
~ demonstrates the sensitivity of the hybrid solution to this parameter.

-
. From this data it was concluded that an improved method for integrating

GTO with the moment method was essential if the desired accuracy was
to be obtained when the di pole was located close to the cylinder.

As mentioned previously, two important assumptions were made
in finding !“ (L) using the GO expression. To find QR a specific

S source point was chosen evet~ though the actual source was distributed
S over the entire segment. r’(QR ) was the e~act fiel d at QR. hut in

determining 
~

“( P
~) only the components of 

~
‘(QR) which were perpen-

dicular and parallel to the inci dent ray path were used; the assumption
S was that the ray path component of E’(QR) was negligible. A careful

look at the exact near field expressions from a monopole segment with
4 a piecewise sinusoida 1 current distribution showed how making both of

these assumptions could be avoided .
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The fields radiated from the monopole segments are given by
Richmond [2]. Figure 20 shows the z oriented monopole segment. The 

Spiecewise sinusoidal current distribution is

I1 sinhy(z2—z) + I2sinhy(z-z1 )1 (z) = 

sinhyd (60)

where Ii or 
~2 

is zero, y is the compl ex prapagation constant , d is
the segment length , and z1 2 are the end points. The resulting fields
at any point (p,z) are

E -yR 1 -yR2E = 4np s~nhyd L~1e - 12e ) sinh1d

-yR 1+ (I i coshyd — ‘2~ 
e cose1
-yR2+ (12 coshyd — e cose 2 (61)

and

_ _ _ _ _  

1- -yR2
E L = 4 sj nh d L(Il - 12 coshyd)

-yR1l -

+ (1 2 - I-~ coshyd) 
e (62)
lJ

where n is the impedance of the propagation medium . These express ions H
are for a z oriented segment. They wor k, however, for a genera l 

- 

S

segment with any skewed orientation through a simpl e coordinate trans—
formation. To be correct, these E-fields are only complete when added
to the E-fields of a connecting imnopole segment. These connected
monopole segments make a dipole mode that is used in the thin-wi re
theory. The crucial fact to note about these E-fie lds is that they
may be separated into fields emanating from the two endpoints. More—

• 
S over, these separated fiel d contributions have an e_Y k/R term multi plied

by a pattern factor form, and are recognized as spherica l waves
emanating from the endpoints. These observations may be exploited
with remarkabl e results to improve the integration of GTD with thin-
wi re theory. At the observation point on the dipol e, the reflected
f i e l d  P(2-) w i l l  now be the superposition of the contribution from one

‘ endpoint of the source segment pl us the contribution from the other
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endpoint. Each endpoint will have its own reflection point on the
cylinder . By separating the fields in this way the distributed nature
of the source has been properly accounted for. Less obvious is the fact
that the ray path components of the separated fiel ds are zero so that
the assumption that they are negligibl e is exact. This will be demon-
strated later. Thus the inc ident field from the source segment at
the reflection points is separated to make it perfectly compatible
with the ray optical nature of Gb . In fact, for the special
geometry of the infini te cylinder radius , the hybrid solution is shown
to be in exact agreement with image theory.

Thi s separation technique was applied to the same case previously
presented in this section . The tangent E-f ield along the dipole from
the lowest dipole mode for the three mode case was calculated and
plotted using the hybrid technique. The results for D=O .l25A are in
Figures 21a and b. Althoug h it is difficul t to see, both a solid image
theory curve and a dashed hybrid solution are plotted on those figures.

S For this case, the hybrid solution gives exactly the correct image
theory solution .

-Y j To analytically justify these surprising results a careful look
S at the E-field expressions is required. Working with the combined

monopole segment fields of Equations (61) and (62) is complicated.
Fi gure 22 shows the geometry of a center-fed linear dipol e where theS monopole segments are considered together. For a piecewi se sinusoidal
current distribution

I sin[k(d—Iz— z I)]
Z — sin kd

S 

wherek= w ,JT~,
S Richmond [13] gives the following rigorous fiel ds

E,= 0  (64)
j
~ I f —jkR 1E~ = 4npslnkd [e coso1

-jkR2 —jkR3 1
• - 2 cos(kd) e cose2 + e coso 3j (65)

jn I 1e~~
’
~ 

—jkR2
= - 4~sinkd L ~l 

- 2 cos(k d ) 
2

—jkR3
R ] (66)
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When fields from two connecting monopole segments are combined these

• ex press ions are der ived directly from Equations (61) and (62). Again ,
- the fields may be separated into contributing fiel ds from z1, z2

and z3. Justification of the separation technique as well as
demonstration of zero ray path contribution can be shown by proving
the followin g hypothesis:

r(p,Z) = E~ p + E2 2 ~~ E
1
t

1
+E 2t2+E 3t 3 . 

(67)

1 That is, the total field at the observation point is postulated toj be the superposition of contri butions from the two endpoints and the
feed point. In addition the total field is said to be contained in
components which are only transverse to the ray paths. In Equa tion
(67) E~ and E~ are the known total fields 

given by Equations (65)
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and (66) . Let Ei be the contribution from point i transverse to ray
path i (i=l ,2,3). From the geometry In Figure 22 after some
trigonometry

E
~ 

= E2(R
~

) sine s — E ( R 11 e~
) cos e

~ 
. (68)

S Specifically,
S 

— 

- i~ 10 ~~~~E1 — 4irsinkd R1 
sin e1

in ’ -jkR
- 4~~sinJ d e C05 1

~ 
-jkR2

— E2 = - 4usinkd (~ 
2cos(kd) ~~~~~

- sine 2)

j n l  / —j kR2 2
- 4~~sfntd

(
~ 

2cos (kd) e cos 02) (70)

in 10 ( -jkR3
E3 = 4lTsinkd ~55 R3 

sine
3)

F in I I -jkR3 2 
I 

-

— 4~ps~nk~ 
I\ 

cos 0
3) 

. (71)

To verify Equation (67), E1, E~, and E3 should give the total fiel d
I Ez and E2. Using geometry again

E2 = E1 sinel + t2 sifle2 + E3 sin03. (72)

Al so using p = Risinel = R2 sino2 = R3sjnO3 in El, E2, and E3 and the
S tri gonometric relationship sin2o + cos’0 = 1, Equation (72 ) can be 

- 

-

S 
shown to be equal to Equation (66). Similarl y

E = - E 1cose 1 - E2cose2 - E3cosO3 (7 3)

is equal to Equation (65). Thus Equation (67) is verified and the
hypothesis is proved demonstrating analyti cally the exact agreement
between the hybrid technique and image theory. S
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- To relate this tangential E-field resul t back to the input
impedance calcula tion , the case of a half-wave dipole near the infinite

- groun d plane was run with the endpoint separation technique incorporated
- ~ . into the hybrid technique. The real and imaginary parts of the input

impedance were plotted versus dipole distance from the cylinder in
S Figure s 23a and b. The agreement between the image and hybrid solution

I -  was nearly exact, which is a very significant improvement.

The hybrid technique has been described in detail. A method
for combining GTD with thin-wi re theory has been demonstrated which
integrates the two so that the necessary GTD assumptions do not

S hinder the results . In the next chapter the case where wi re antennas
- are near a curved sur face w i ll be exam ined.
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CHAPTER IV
WIRE ANTENNAS NEAR CIRCULAR CYLINDERS

In this chapter the hybrid technique will be used to solve
electromagnetic probl ems such as wi re antennas near circular cylinders.
The obiective in this chapter is to demonstrate the capabilities and
accuracy of the hybrid technique. To accompl i sh this all of the results —

to be presented will compare the hybrid technique solution with resul ts
obtained for the same or similar cases using an independent method.
The desire to compare wi th an independent method is the main reason
the particular geometries (e.g., circular cylinder ) have been chosen.
The hybrid technique as described in the previous chapter can be
applied to much more compl icated geometr ies than w i ll be shown here,

5 
but independent checks are not readily available .

Three orthogonal directions or orientations can be identified in
relationship to the cylinder. These orientations are axial (parallel
to the axis of the cylinder), ra di al ( perpend icu lar to the surface of S

the cylinder), and circumferential (tangent to the surface and
perpendicular to the axis). Antennas or radiators are chosen with
orientations to match one of these three directions with respect to
the cylinder. The reason for choosing orthogonal orientations to

S demonstrate the hybrid technique is obvious. If the method can
• correctly solve these three independent orientations then it can

solve any arbitrary combination of them in the presence of the
cylinder. Subsequently, a general radiator can be solved with
confidence.

The electromagnetic problems solved in this chapter will all
involve the calculation of input impedance of the radiator as a
function of distance from the cyli nder. The hybrid method is capabl e

• of solving for many other electromagne tic parame ters su ch as near
or far field , curren t distr i bu tions , scattering data , patterns, as
wel l as input impedance. There are three reasons for choos ing to
find input impedance. To determine input impedance , the curren t
distribution is first found. If the current distr ibution is known , all
the other electromagnetic parameters follow easily. So finding input

S impedance shows that the other parameters could also have been accurately S

determined. The second reason is that input impedance is a measura ble
quantity and one which can be compared wi th other literature. The third
reason Is that the current distribution and correspondingly the input

S - impedance of the radiators is very sensiti ve to the location of the
nearby circular cylinder. Thus, solving for input impedance is a

S S 
good test of the capabilities of the hybrid technique.
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I - Finally, circular cylinders are picked as the curved surface

whose presence is to be inc luded for the following reason : GTD and
S therefore the hybri d techn ique is capable of solving many canonical

(and combinations thereof) probl ems, but, the circular cylinder
-

S is one for which other solutions are available. The computer program
developed using the hybrid technique of Chapter III and the theory of

S Chapter II is capabl e of solving an arbitrary radiator near an elliptic
cyl i nder.

S 

In developing the computer programing to solve electromagnetic
problems using the hybrid technique , an effort was made to keep the
expressions and possible geometries as general as possible. The
objective was to develop a program capabl e of handling as broad a
probl em type as possible. To achieve this , the thin-wi re program of
Richmond [2,3] was chosen as the starting point for the moment method
formulation of the probl em. Some reasons for that choice are based

S on the use of piecewise sinusoidal basis functions as was discussed 
S

S 
in Chapter II. Another reason is because of the wi de familiarity ,
acceptance , and use this thin-wi re program has. The hybrid computer
program is outlined as fol l ows: A wi re model of the antenna structure
geometry is inputted. The necessary specifi cations characterizing

I the curved surface are also read in. The antenna structure is sorted
and the thin—wire modes are set up. The free space impedance matrix

H is then found . Next various appropriate subroutines are called to
find the modifications to [Z] due to the curved surface starting with

S the GO routine. The subroutines to find the modifications use GTD
• programs modified from ones developed by Burnside , Marhe fka , Greer ,

and others at the Ohio State University. The pro9rams.use expressions
S from a paper by Kouyoumjian and Pathak [5). The [Z’ ) matrix is

S calculated and the current dis tribution is found. The hybrid program
was used on a modified Datacraft computer.

Four specific geometries will be studied in this chapter. Three
independent methods of sol ution will be used to test the hybri d

S 

solution. These methods will be discussed as they are used. The
- - agreement between these methods and the hybrid technique , as will be

- shown by the results in this chapter, strongly support the statement
that an accurate method for combining the moment method treatment

- 
of wire antenna s with the GTD for curved surfaces has been found.

A. Ax ial Dipol es

In this section the results of applying the hybrid technique to
axially oriented dipoles a distance C from a perfectly conducting

S • circular cylinder of radius A are presented. The general geometry of$ the probl em is illustrated in Figure 24. The dipole antenna is half-
wave length in extent and the diameter is .0002A . Note that the

I circular cyl inder is labeled infinitely long. This is rigorously true
but in practice as long as the cylinder extends approximately one

$ wavel ength or more past the dipole it appears to be infinitely long as
far as the dipol e ’s current dis tribution is concerned. Thi s statement
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will be supported by th~ results in the finite cylinder section of
this chapter .

As discussed in Chapter III an MM-eigenfunction solution by
Ersoy and Wang [11] is availabl e for axially oriented dipoles near an
infinitely long, perfectly conducting, circular cylinder . The so lu t ion
is found by summing sufficient terms to evaluate an integral expression.
The integrand contains a Green ’s function for the circular cylinder.
The dipole has a cos(kz) current distribution . This MM-ei genfunction
solution can be considered exact and is a perfect independent method

S to check the hybrid sol ution aga inst. The restriction is that in order
- 

- to achieve the cos ( kz ) current necessary for correct comparison the
hybri d technique must use only one mode or two segments to model the
half—wave dipole.

The first results comparing the hybrid technique with the MM-
eigenfunction solution are shown in Figures 25a and b. The real and
imaginary parts of the input impedance of the dipole were plotted vs.
dipole distance from the cyl inder D. For this case C was varied from
near 0 to onehalf wavelength and the cylinder radius was one wavelength.

- - The vertical axis are in ohms , the solid line is the MM—eigenfunction
solution , and the dotted curve is the hybrid solution. The two methods
give basically the same result. The largeness parameter for the GTD ,
or in thi s case the GO , part of the hybrid sol ution is kA. k is the
wave number equal to 27T / k . A is the cy linder radius given in wave-
lengths . GTD uses an asymptotic approximation which is good when the
largeness parameter is greater than one. For the case A=1.OA shown in
Figures 25a and b the largenes~s parameter is about 6.3, much largerthan one and the excellen t agreement follows .

To demonstrate the effect of this largeness parameter on the
hybrid solution three more cases are presented. Figures 26a and b s how
the input impedance when A=0.5A . Figures 27a and b show the effect
when A=O.25A where kA is still greater than one. Finally Figure s
28a and b show the input impedance curves calculated by the two methods
when kA= .785 . This last case has violated the largeness parameter con-
straint yet the agreement between the MM-ei genfunction and hybrid solu-
tions is still fairly good. Comparing the amount of error in the hybrid
solution for these cases as kA gets smaller it is seen that the GO
breaks down gracefully. One can push the hybrid technique as far as is
consistent with the desired accuracy of the particular appl ication and
not worry about sudden breakdown .

When the cylinder radius is very large the MM-eigenfunction solu-
tion needs more terms to converge. For this reason and the need to
verify the accuracy of the hybrid solution when the dipole is modeled
with more than one mode, the method wil l be compared wi th a ground S

plane image theory solution. In Chapter III the image theory method
was discussed . As A goes to infinity the cylinder opens to an infinite
pl anar conducting surface or ground plane. Richmond has adopted his
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thin-wire program to handle this geometry [12]. Solving the case
illustrated in Figure 24 when the cylinder radius was A=lO .O gave the
curves shown in Figures 29a and b. The solid curve was calculated
using ground plane image theory. Again , the dotted curve is the hybrid
solution . In each of these methods the dipole was modeled with four

S segments resulting in three modes. The agreement is seen to be nearly
exact.

No matter how satisfying analytical comparisons are, experimenta l
verification remains an undisputed and effective method of testing a
solution. It is , as for the case of the square loop of a later secti on ,
often the only independent method available for checking . Partly as
further verification of the results already shown in this section and
partly as a test of the measurement setup , experimental measurements

S were made to determine the input impedance of the axial half wave dipol e
S located near a circular cylinder . A great deal of effort and planning

was given to the design of an experimental setup wi th the hope that
sufficiently accurate measuremen ts could be achieved in a short time.

Accurate measurement of the input impedance of a balanced
- S feed antenna , such as a dipole , is very difficult because the effect

- - of the feeding cable and balancing device cannot be found exactly and
-

- thereby be eliminated. To avoid this problem a monopole over a ground
-~~ pl ane was used and equated to the dipole case by doubling the measured

monopole input impedance. The infinitely long cylinder was, of cour se,
approximated by a long cyl i nder mounted over the ground plane . Since
impedance as a function of dipole distance was desired ei ther the
monopole or the cylinder had to move. The cylinder-ground plane
junction was critically important and the monopole was much sma ll er , S

so the cyl i nder was fixed and the monopole was moved . Knowing t iuci t the H
same setup was also to be used for the square loop, the monopole
locations were carefully chosen. Eight locations were determined to
be the maximum number allowabl e so that the adjacent mounting holes
would not interfere with a measurement. The holes were located on a
spiral which tappered in towards the cyl inder in such a way as to
result  in equal clearance angles between the square loop l ocations.

The size of the various components of the setup as well as the
• selected frequency of operation were dictated by the availabl e material ,

practical mechanical and electrical sizes, and the availabl e test
equipment. The four foot by four foot ground plane sets a lower l imit
on the frequency since the plane had to be about two wavel engths or
more to appear infinite. A fi ve inch diameter cylinder was the
largest diameter availabl e and since a sufficiently large kA was
desired , the five inches was picked to be one-half wavelength.

A high frequency limit of the experimental setup was the diameter
of the nunopole. The N-type connector used to attach the monopole to
the ground plane had a center wi re diameter of one-eigth inch . To
avoid a discontinuity right at the feed point the monopol e diameter
was chosen also to be one-eighth inch. Thin—w i re theory as used in S

the hybr id  technique restricts wi re radii to be less than about .00Th.
70
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The frequency of operation to make the five inch cylinder one-half wave-
length is 1 .1811 GHz. At this frequency the monopole diameter is
.00635X. Thus the dimensions and frequency are fixed. In order to

S be equ i valent to the half-wavelength dipole , the monopole was cut to
one-quarter wavelength or 2.5 inches. All of the above componen ts were
carefully machined to the specified sizes and assembled to make good ,

S smooth electrical contact which was necessary because of the hig h
operating frequency. The cylinder and ground plane were aluminum and
the monopol e was brass. The conductivity of these materials was
high enough to be assumed perfect.

Measurement of input impedance was accomplished indirectly by
equipment used to accurately measure the reflection coefficient at the
monopole port. Figu re 30 shows a schematic of the equipmen t used in
the measurement setup. Figure 31 shows a picture of the actual

F equipment as set up during a measurement. Note that the equipment is
located under the ground plane so that it cannot interfere electrically

S with the measurement. Figure 32 shows the various radiators , which
were used located about the cyl i nder.

Again input impedance was found by measuring the complex
reflection coefficient referenced to a short on the surface of the
ground plane. The signal source was a sweep frequency generator wi th
circuitry to lock the signal level over a frequency band. The generator
fed an s-parameter device which contained a line strecher to match
the test line with a reference line over a frequency band . The
s-parameter device had an attached coupler which compared the test and

S reference signals and sent a complex vol tage proportional to their
difference to a signa l analyzer wi th display units . The display unit

I - then allowed the signal to be pi ctured on a CRT magnitude and phase
plot or to be read accurately in dB on a magnitude and phase meter.

The measurement procedure went as fol l ows: the antenna and
cylinder were secured in the position for the measurement. A sweep
frequency signal from 1.0 to 1.4 GHz was fed to the antenna through
the s—parameter device . Using the CRT display, the line stretcher
was adj usted so that a short at the antenna port appeared as a single
point at 1 .0/1800. The short was then removed and the reflection

• coefficient was observed on the CRT over the frequency band to insure
that no probl ems (i.e., glitches or discontinuities) existed in a

S frequency range about the frequency of interest, 1.1811 GHz . The S

generator was then adjusted wi th a frequency counter for the CW signal .
The display meter replaced the CRT and the reference level s were
adjusted while measuring the short. With the short removed the

S reflection coefficient was measured accurately on the most sensitive
scale settings. Environmental effects such as unwanted reflections
were checked using a reflecting disk. The measurements made using

I this procedure and equipment proved to be very stabl e and repeatable.
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To convert the reflection coefficient R to the input impedance ,
S -- the follow ing formula was used:

Z. = Z ~~~
’
~~ ( 74)

where Z0 is the charac ter istic impe danc e of the connec tors and cables
attaching the signal source to the monopole (Z 0=50~).

To compare wi th experimental measurements several adjustments
to the dipole data inputted to the hybrid technique are necessary.
There are no modes in the physical setup but the number of modes used
in the hybrid technique has a significant effect on the input
impedance. To determine the number of modes necessary to get a
conver ged num ber , the input impedance of the dipole was calculated with
D fixed at approximatel y 0.625A and the number of modes was varied from S

one to twenty five. The resulting plots for real and imaginary part of
Zin are shown i n F i~ures 33a and b. Note that the vertical scales have
been greatly magnified to exaggerate the effect. Choosing 9 modes to
model the dipole will resul t in the real part being only 0.7% below
the 25 mode value while the imaginary part will be wi thin 3.0%. The S

choice of 9 modes is thus justified .

Another adjustment which must be made is the diameter of the
- dipole to 0.0l25A . This resul ts in a length to radius ratio of 40 for
the dipole. This is small enough to be considered moderately thick.
Two effects may be significant for a thick dipole . E-field fringing

S is one which thin-wi re theory correctly handles if sufficient modes are
used. End capacitance is the second effect due to charges on the ends.
However , one of the thin-wire assumptions is that the current goes to
zero at the ends of the dipoles . Forcing the current to zero at the
end incorrectly eliminates the end charge effect. A reasonable approxi-
mati on to improve the model to more closely fit the physical conditions
which lets the current be non—zero at the ends is made. The current is

S allowed to spill over the edge of the end and go to zero at the center.
To approximate this with the thin-wire part of the hybrid program, the
antenna length is extended by the amount of one radius at eath end.

The experimental measurements are now compared with the hybrid
• 

S - technique solution. Figures 34a And b are the resulting pl ots. The
agreement between the measurement and the theory are quite remarkable.

Wi thout discussing why at this point , measurements were made on
a monopol e with a radius four times smaller. This monopole would be
considered thin but the above presented length adjustment was made
regardless. Its effect was much smaller as expected. The plots
comparing the hybrid technique wi th measurements for this thin dipole
are shown in Figures 35a and b. Again , the agreement is very good with
the absol ute va l ues a lmost matchi ng as wel l  as the var iations match ing
quite well.
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In thi s section then , the hybri d technique has been shown to
give excel l ent results for an axially oriented antenna near a circular

- cyl inder. The results were checked wi th three independen t solutions.
The method was found to be quite accurate wi th cylinders of radii fromS extremely large values down to only 0 .l25A .

B. Radial Dipol es

The second radiator orientation which will be considered is
the one radial to the cylinder . The antenna will be a radial dipole
whose center feed point is located a distance 0 from the infinitely
long perfectly conducting ci rcular cylinder. The geometry of the

S probl em is illustrated in Figure 36. The objective is , again , to S

find the input impedance of the halfwave dipole using the hybrid
S technique as D is varied from nearly one-quarter wavelength to three-

quarters wavelength. In this case only one independent method for 
S

checking the hybrid solution is available. Thi s is the ground plane S

image theory sol ution as described in Chapter II and also in the
previous section. It provides a check when the cylinder radius A is

- - large.

This geometry is a very special case, one for which the usual
- 

- 

GTD or GO does not work. A study of the geometry as shown in —
Figure  36 shows why. Consider any point on the dipole as a
source point and any other point , also on the dipole , as an observa tion -5
point. The reflection point on the cylinder is obvious and is the
same independen t of where the source and observation points are on the

-
S dipol e. The reflection point is where a straight line extending the

dipole  to the cy linder surface would touch. The incident and reflected jray paths both lie on this line and point in opposite directions . As
- discussed in some detail in Chapter II , GTD or GO does not consider

field components along the ray path but only ones transverse to it. In
fact, fields along the ray path are ignored at the reflection point by
dotting the incident field at the reflection point wi th vectors
perpendicular to the incident ray path. In finding the segment-to-
segment del ta impedance matrix terms, only the reflected field corn-
ponent along the observation segment is used. For this geometry the

S observation segment is coincident wi th the reflected ray path. GTD
or GO gives only the components of the reflected field transverse to
the observation segment thus giving all zero delta impedance matrix

5 terms. The overall effect is that the hybrid technique using the GO
as described thus far will predict no change in input impedance due

5 to the presence of the circular cylinder. This is , of course, wron g.
- 

- To demonstrate the problem discussed above, the inpu t  i mpedance
S of the radial dipole was calculated and plotted as 0 varied. The
- results are shown in Figures 37a and b where the solid line is the image

S theory solution and the dotted line is the hybrid technique solution.
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As predicted , the hybrid solution incorrectly gives no effect from
the cylinder and the components of the input impedance remain constant
at their free space values as the dipole moves.

This geometry with a radial radiator is a special case that can
be handled by a modification or extention of GO. The method of ex-
tention will be discussed shortly. The sol ution to the problem then
is to recogni ze this special case and sol ve it separately. The as-
sumption in this proposed sol ution is that the norma l hybrid technique

-
~ GO contribution gives an accurate solution right up to a delta vari ation

Of an exactly radially oriented radiator. To check this assumption the
case illustrated in Figure 38 was solved. The radial dipole is tilted
5 .00 away from the exactly radial orientation. 0 was again varied and
the real and imaginary components of the input impedance were found
using the hybrid technique and ground plane image theory. Figures 39a
and b confirm the expected results that the hybrid technique holds up
to a small delta variation from the exactly radial orientation.

So that this special case can be handled , the extension of GO
will now be described. Suppose in some manner it has been determined
that an ex-~ctly radially oriented segment is found. For this segment

- 
S 

a ray path component of the E-field is allowed. How this  f iel d
S - component reflects at the surface of the cylinder must be specified.
S Image theory shows how the component reflects from a planar surface.

Except for a spread factor due to the curvature of the surface, and
a slight change in the phase path length , image theory is correct. A
reasonable assumption then, is that the component along the ray path
reflects as image theory at the surface and then scatters as from a
plane surface . Since the ray path vector lies in the pl ane of in-
cidence or reflection it reflects like the parallel component which
also lies in that pl ane. Tha t is the reflection coefficient is +1.0.
Since the interaction between a radially directed segment and the
cylinder is small the image theory extension of GO should be quite
good for large diameter cylinders , an d become less accur ate for small
diameter cylinders .

To confirm the accuracy of this extended GO methN the first
a probl em considered in this section was again solved . Since all of

the segments have exactly a radial orientation so that the segments S

are colinear wi th the ray path , the special geometry is recognized.
Ray path components of the E-f ields are then incl uded in the hybrid
program like parallel components as described above. The new
solutions are shown in Figures 4Oa and b. The good agreement demon-
strates the validity of the method of extending GO at least for large
A.

A second method for extending GO or handling this special S

case where GO does not give answers is also possible. Again , as—
suming the special case has been recognized , the problem segment
could be perturbed in orientation to be slightly off the ray path
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direction. The geometry can now be handled by the normal hybrid
technique GO. The result will be slightly in error due to the
intentiona l perturbation of the segment orientation introduced .
This method has the advantage that the curvature of the cylinder
is treated.

To incorporate this special handling technique in the general
hybrid program, the geometries for which it is necessary must be
identif led. The two cases for which it must be used are when the
observation segment is col i near with a reflected ray path or when the
source segment is colinear wi th an inci dent ray path. The endpoints of
the segments and the reflection points are known. In three dimensiona l
geometry the line passing through the two endpoints can be written in

• parametric form. The reflection point can then be checked wi th a
simpl e logic test to determine if it is col inear. If not, the normal
GO is used but if it is colinear the special extended GO is applied.

Even though radially oriented antennas present special probl ems,
the results in this section demonstrate that the hybrid technique can
approximately sol ve them. Thi s is accomplished by a modification or
extension of GO.

C. Square Loop Antennas

The last of the three orthogonal orientations which must be
tested and verified is the circumferential or phi oriented radiator.
The choice of antenna wi th a strong phi component was given a great
deal of thought. It was desired to test the hybrid sol ution for a
small cylinder radius as well as a large one. F

Ground plane image theory provides the method of comparison for
large radii. No antenna wi th an analytical sol ution was found when
the radius was small. One which al lowed experimen tal verification was
then desirable. The square loop oriented as shown in Figure 41 near
the circular cylinder fits the bill. The x-y plane cutting the
geometry gives the necessary image symmetry to eliminate the balanced
feed probl em. A square half-loop and cylinder can be mounted on a

o ground pl ane. The square loop has one half of its extent almost phi
oriented giving the required strong circumferential components. The
square loop antenna was exam ined quite extensively by Richards [14).
Some of his results were used as a check on the programs of this
section before the cyl inder effects were included.

A l ook at the admittance of the square loop as a function of
• frequency in wavelengths is useful . Figures 42a and b show the con-

ductance and susceptance of the square loop for a varying frequency.
The wire ~iameter of the loop is one—eighth inch in anticipation of
the experimenta l ioop. The loop perimeter was 10 inches making It one
wavelength at 1.181 1 GHz. The vertical scales are in miIl-mhos.
These curves agree quite wel l wi th resul ts by Richards. Maximum
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1
admittance will give minimum impedance which is desirable so that
the antenna will radiate. The frequency of 1.181 1 GHz is chosen
where the perimeter is one wavelength. The loop ’s dimensions have

• 
now been specified . • -

The hybrid technique will fi rst be applied to the geometry of
Figure 41 when A is large , A=E .OA . The results are compared wi th
the ground pl ane image theory sol ution in Figures 43a and b. The
real and imaginary components have been plotted as a function of
square loop distance D from the ci rcular cylinder. Note that the j
imaginary impedance is negative for the loop. The agreement is almost
exact verifying the hybrid solution for large A.

Next, the results for A=O .25A will be presented by comparing
the hybrid solution wit~ experimental measurement. The techniques and
procedures described in section A for the experimental setup were used.
The impedance of the square loop was found by measuring the reflection
coefficient of a square hal f-loop mounted over the ground plane .
Figure 32 shows a picture of the loop. The wi re diameter was
one—eighth inch so the feed point was continuous . The other end of
the loop was screwed to the ground plane to make a good connection.
For the analytical solution , the mode stability was again studied with

• the results in Table 1. Although it appears that 16 modes are not
enough for the real part to be accurate, this number was used in the
interest of computer running time economy.

Table 1 .1
Number of Modes Loop Impedance
Modeling the Loop Re(Z1~) Im(Zin )

16 88.93 —1 30.35
32 82.62 -128.66

- 48 77.41 -128.09

The results comparing the hybrid technique wi th the experimenta l
measurements are shown in Figures 44a and b. The curves track the

o measurements quite wel l but the level s are shifted making the number
val ues disagree. This level shift was disturbing when the remarkabl e
results of Section A were recalled. No equivalent reasoning such as
adjusting the dipole length for end effects could be found for the
loop.

It was postulated that the thickness of the wi re might be causing
• the corners of the 1oop to be inadequately modeled. To check this ,

a l oop wi th wi re thickness four times smaller was investigated. All
dimensions were the same except the thin loops wire diameter was
1/ 32 1 . The admittance curves for the thin loop case are shown in
Figures 45a and b. Note that 1.181 1 GIlz is still a good frequency
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choice and resonance is much sharper than for the thick loop. Figure
46 shows a picture of the thin loop. The end opposite the feed point

- is soldered to a brass screw set in the ground plane. Mode stability
• 

- was again studied with the resul ts in Table 2. The sixteen modes for
the thin loop is more accurate than for the thick loop.

Table 2

Number of Modes Input Impedance
Modeling the Loop Re(Z 1~ ) Im(Z 1~ )

16 101.255 -1 39.802
32 99.379 -139.315

______ 

48 98.454 -139.199

The results for the thin loop case , comparing the hybrid
• technique with experimenta l measurements are shown in Figures 47a and

b. The postulated improvement did not materialize. The curves , again ,
track the points well but a level shift is still apparent.

During the measurement process it was observed that a slight
• change in frequency resul ted in a significant change in the input

impedance. This fol lows logically from the admi ttance curves where
it can be seen that the operating frequency is at a rapidly varying
point. The inability to get exact level agreement is at least partly
explained by the sensitivity at the frequency of opera ‘ion. An

• attempt was made to avoi d this probl em by carryi ng out the measurements
at a frequency low enough to be away from the sensitivities of
resonance. A frequency of 885.8 MHz was chosen which can be seen from

• . -  Figures45a and b to be well off resonance . The results are shown in
• Figures 48a and b. Agreement is quite erratic. The problem is that

Zj~ for this off resonance case is very large compared with the Zo=50c1
. - of the connecting cable. The mismatch causes much of the energy to

- - - refl ect back down the line and very little radiates. Small radiation
- .- means weak interac tion with the cylinder. The measurement environment

is too noisy and the equipment is too inaccurate to measure this weak
r interaction properly.

In an attempt to further investigate the probl ems around
• resonance by measuring free space loop ’s input impedance over a fre-

quency band the real problem was discovered. The section of line
connecting the antenna to the s-parameter device is assume d to be ideal.
Only its length is compensated for by setting the reference to a
short at the antenna port. It was found, however , that this section
of line which was constructed of a group of connectors was not ideal.
Different connectors of the same type gave different amounts of phase

- shift. The amount of change in phase was also dependent on how much
the antenna was radiating . Correspondingly, it was frequency de-
pendent. Physically, the difference probabl y resulted from the dis-
continuities where the connectors touched being unique to each connector.
The solution of the problem would involve using a more ideal connector

1~ 
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in this critical part of the setup. Remeasurement was not necessary
here because the results al ready show that the hybrid technique works

— very wel l and has been experimentally verified .

Thus, phi oriented radiators have been checked for both large and
small cylinder radii. The hybrid technique has now been demonstrated
to be accurate for all three orthogonal orientations. Its use on
arbitrary radiators near the circular cylinder can now proceed with
confidence.

D. Finite Length Circular Cylinders

In this section finite length cylinders will be handled using
the hybrid technique. To account for the finite cylinder length , the
GT[) for curved edges is used as described in Chapter II to find

- - del ta impedance matrices as described in Chapter III which properly
modify the free space matrix to incl ude the cylinder end effects. The
formulation of the part of the hybrid technique which finds the cylinder
end effects is modeled after the part which finds the reflection effect.
The formulation was described in detail in Chapter III.

~~
• j To test the finite cylinder capability of the hybrid technique ,

it was applied to find the input impedance of an axially oriented
dipole. One reason for picking this radiator orientation was that

— 
- the diffraction points on the cyl i nder ’s edges were known directly.

The pro blem ’s geometry is illustrated in Figure 49. The diffraction
points are on the cylinder’s end edges in the x-z plane with x positive .
The cylinder half height is CU, its radius is A, and the half—wave

- V 
dipole is a distance 0 from the cylinder. For the cases in this
section , A will be fixed at one-quarter wavelength.

The only analytical method availabl e for solving a finite
• ~-- cylinder , other than the hybrid technique, is the moment method.

Computer limits on storage and running time prohibit its use on a
cyl inder as electrically large as the case to be solved . So no inde-
pendent method is available to check the hybrid solution for this
geometry. Exper imen ta l measuremen t wi ll prov e imposs ib le because
the effects of the finite ends will be too small to measure accurately.
The method chosen to verify the results was to compare the hybrid

V 

method solution of the fini te length cylinder case with the hybrid
• 

V sol ution of the infinite length cylinder . Intuitive observations will
then be made.

The first results to be presented are for a cylinder height
CH=O.375A where D is varied from near zero to one wavelength. The
input impedance plots are given in Figures 50a and b. The solid curves
are for an infinite length cyl inder. Chopping the cyl inder off
creates a small perturbation in the input impedance of the dipole.
This result seems reasonable.
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Another approach was tried to help verify the results. The
dipole distance from the cylinder was held fixed and the cylinde r

• height CU was varied from just above the dipole to one wavelength
higher. Figures 5la and b show the results for D=O.3A . The solid
line is the finite cylinder case here. Figures 52a and b show the
case D=O.6A results. These two sets of figures are particularly

V convincing in that the effects of the cylinder ends fade to zero as
the cylinder gets longer as it must.

Finally, from those curves another cylinder height CH=.45A was
picked and the input impedance was again found as U was varied. The
resul ts are plotted in Figures 53a and b. Although the hybrid finite
cylinder solution has not been verified by an independent method,

V 

-
- 

- the reasonable results of this section lend confidence to the solution.
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Figure 53b. Imaginary part of axial dipole input impedance
near cylinder of radius A=0.25A .
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CHAPTER V
DISCUSSION

A hybrid technique has been presented which sol ves electromag-
netic probl ems in which an an tenna or sca tterer is loca ted on or near
a conducting body. The general technique has been applied to find
the input impedance of various radiators located near a perfectly
conducting circular cylinder. The application of the hybrid technique
to these specific problems in no way implies restrictions on its use.
The method can be equally well used to find near and far fields ,
current distributions , and scatter ing data for problems invol v ing
conducting bodies of rather arbitrary shape.

The hybrid technique in this paper used the format of a powerful
thin-wi re computer program to model the antenna structure. The free
space impedance ma tr ix was foun d us ing the no rma l moment method
technique. Then the effects of the conducting body were incorporated

• into del ta impedance matricies . A del ta impedance matr ix was found
for each type of contributing scatter from the conducting body, such
as reflection , edge diffraction , etc. The delta impedance matricies
were added to the free space matrix to account for the conducting
body. The modified impedance matrix was then used in the normal moment
method way to find the current distribution and input impedance of the

V 

antenna.

V The del ta impedance matrix terms were found by reacting an
expansion current wi th the E-field scattered from the conducting body
due to a test current source. Piecewise sinusoidal expansion and testing
functions were used. The GTD E-fleld at an observation or integration

V point on the receiving mode was composed of the superposition of end
and feed point contributions from the source mode. Separating the
contributions in this way accounted for the distributed nature of the
source and resu lted in spher ical waves emana ting from the poi nts wh ich
were completely compatibl e with the ray optical nature of GTD. This
way of combining thin-wi re theory with GTD gave results that were far
more accurate than other formats. Analytical justification as wel l
as verification by example were presented in Chapter III.

The accuracy and facility of the hybrid technique were shown in
Chapter IV by solving for the input impedance of variou s radiators as
a function of thei r distance from a circular cylinder. Three

V orthogonal orientations were identified and antennas to match them were
used. With the hybrid technique verified for these orthogonal orlen-

V 
- tations, clearly a more general radiator wi th an arbitra ry combinati on

of orientations could be solved wi th confidence.
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H J An axially oriented half-wave dipole near the circular cylinder
was solved by the hybrid technique . When the cylinder radius was

• _ large the hybrid technique was compared wi th an image theory solution .
For sma ll cyl inder rad ii the hybr id sol u tion was compared to an exact
MM-eigenfunction solution. In both cases the agreement was excellent.
For this orientation the solution was al so compared with careful ex-

- perimental measurements. The measurements were accomplished by
• doubling the input impedance of a quarter-wave monopole mounted wi th

the cylinder over a ground and measuring the reflection coefficient.
V - Results for both a thick and a thin dipole agreed very wel l wi th the

V 
measurements.

V 

- A radially oriented dipole presented a special problem in that
ordinary GO predicted no effect on input impedance when the dipole was

- close to the cyl inder. This incorrect solution was due to the non-zero
ray path E-field which GO ignores. GO was extended to include a ray
path fiel d for this special orientation . The component reflects like
image theory at the surface and then scatters as from a plane surface.
Tilting the problem segment slightly from its exactly radial orientation
offered another solution. Comparing the hybrid solution extended in
these ways with image theory verified the techniques.

The circumferential orientati on was verified with a square loop
lying tangential to the circular cyl inder. For large cylinder radii
the hybrid solution agreed almost exactly wi th image theory. For
smaller cylinder radii the solution was compared wi th experimental
measurements made on a half-loop mounted wi th the cylinder over the
ground plane. Both the thick and thin loop sol utions tracked the
impedance variati ons measured. The absolute level s were shifted
sl ightly for two reasons. The frequency of operation was near resonance
where rapidly varying impedance makes level matching difficult. Al so,
a section of line which was assumed to be idea l had a frequency dependent
phase shift.

• - Thus , three orthogonal orientations were veri fied and the hybrid
- - technique was clearly shown to be very accurate. A finite length

- r cylinder was also investigated wi th the hybrid technique when an axial
dipole was nearby. The results were compared wi th the infinitely l ong
cylinder case. As expected, the finite length effects died out as

- the cylinder became longer.

V Several minor limitations and restrictions on the hybrid techn ique
can be pointed out. The antenna structure near the conducting body

- - is limited in electrical size since the antenna must be modeled by
- 

wi re segments no more than one-quarter wavel ength in extent. The
number of segments determines the number of modes and correspondingly
the size of the impedance matrix the computer must v~rk with. The V

conducting body must be a canonical shape or combination thereof for
which GTD solutions exist for the canonical parts. Besides the field
express ions , a method of finding the specular points on the surface
must also be available.
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- In spite of the restrictions discussed , a very powerful hybrid
- - technique has been presented for combining the moment method treatment

of wi re antennas with the GTD for curved surfaces. The method has
been demonstrated to be accurate and versatile.
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